Abstract. A result in [6] states that a real valued continuous function f on the circle and its nonnegative integral powers can generate a dense translation invariant subspace in the space of all continuous functions on the circle if f has a unique maximum or a unique minimum. In this note we endeavour to show that this is quite a general phenomenon in harmonic analysis.
Introduction
A recent paper of Kerman and Weit [6] states that if a continuous real valued function f on the circle group T has unique maximum or unique minimum, then the span of translations of f n (f n (x) = (f (x)) n ), n = 0, 1, . . . is dense in the space of all continuous functions on T. This note grew out as an effort to understand the universality of this phenomenon. We bring into fold a large class of groups and some homogenous spaces to establish that the argument in [6] is robust enough to be used mutatis mutandis in all these cases, to yield similar results involving C 0 , L 1 and L p spaces. Precisely, we shall consider the groups of Wiener class (which includes all locally compact abelian groups, compact topological groups, groups of polynomial growth, ax + b group etc.), as well as the group SL(2, R) which is not in the Wiener class and is of exponential growth. We shall also take up the Riemannian symmetric spaces of compact and noncompact types.
1.1. Notation. We shall use ℓ x , R x to denote left and right translation by x on a group G. For a complex number z, its real and imaginary parts are denoted by ℜz and ℑz respectively. For a set A in a measure space |A| denotes its measure. The set of positive integers will be denoted by N. For a topological space X, C c (X) (respectively C 0 (X)) denotes the space of continuous functions with compact support (respectively continuous functions vanishing at ∞ with supremum norm topology). For a group G, we denote its unitary dual by G.
Analogues of the result of Kerman and Weit
2.1. The key lemma. To make it applicable to a wider context, in particular to accommodate the noncompact spaces, we shall rewrite the main argument of [6] with suitable modifications (see Lemma 2.1.1 below). We notice that when the space X is noncompact, the function f 0 ≡ 1 is not in L p (X) or in C 0 (X). Therefore unlike [6] , we shall consider only the positive integral powers of f . Following [6] , for any λ, λ 1 , λ 2 ∈ R, we define A λ = {x | f (x) ≥ λ} and A λ1,λ2 = {x | λ 1 < f (x) < λ 2 }. We shall use the following simple observation: If T is a continuous function on an interval [a, b] containing 0 and T (0) = 0, then there is a sequence of polynomials without constant terms
Indeed by Weierstrass approximation theorem we get a sequence {q j } of polynomials
ψ : X → C is a continuous function and ψ(x 0 ) = 0, then there exists a positive integer n such that
Proof. If f has a unique minimum then −f has a unique maximum. So it is enough to consider the case that f has a unique maximum. Since maximum of f is unique and f is zero outside a compact set, max f > 0. Normalizing we assume that f (x 0 ) = 1. We fix a 0 < η < 1. Then there is an open neighborhood N 1 of x 0 such that f (x) > η for all x ∈ N 1 .
Step 1. We shall show in this step that there is a λ such that η < λ < 1 and A λ ψ(x)dx = 0. We start supposing that the conclusion is false. Assume without loss of generality that ℜψ(
which is an open neighbourhood of x 0 . Consider the compact set S \ N = S ∩ N c . Suppose max f = λ 1 in the compact set S \ N . Then λ 1 < 1, since maximum of f is achieved only at x 0 .
We choose ε > 0 such that max{η,
The assumption that for all λ such that η < λ < 1, A λ ψ(x)dx = 0 then shows that A1−ε,1 ψ(x)dx = 0 which is a contradiction.
Step 2. By step 1 there is a λ satisfying 0 < η < λ < 1 and A λ ψ(x)dx = 0. We fix that λ. Let us assume that ℜ A λ ψ(x)dx = q > 0. Let b = max x∈S |ℜψ(x)|. We choose a 0 < δ < 1 such that λ − δ > 0 and |A λ−δ,λ | < q/2b. Let m = min f (which can be negative). We consider a function T ∈ C[m, 2] supported on [λ−δ, 1+δ], max T = 1 and T (x) = 1 for λ ≤ x ≤ 1. We note that T (0) = 0 as 0 < λ − δ. Then the function T (f )(x) = T (f (x)) is a continuous function on X and is supported on S. Now,
Since |T (f )| ≤ 1, absolute value of the first term in the right hand side is ≤ |A λ−δ,λ |b < q/2.
Step 3. We shall show that there is n ∈ N such that X f n (x)ψ(x)dx = 0. Suppose that
Then for any polynomial p in one variable without constant term p(f ) is a continuous function on X supported on S (as p(0) = 0) and X p(f )(x)ψ(x)dx = 0. By the observation above, there is a sequence p j of polynomials without constant term such that
where
We shall use the lemma above to prove analogues of the result of Kerman and Weit on various topological groups and homogenous spaces. Groups where Wiener Tauberian theorem holds true seem to be the first natural target.
Groups of Wiener class. A locally compact group G equipped with a left Haar measure is in Wiener class ([W]-class for short) if every proper two-sided ideal in the Banach
* -algebra L 1 (G) is annihilated by a nondegenerate continuous * -representation π of L 1 (G) in a Hilbert space (see [7] ). Thus if G is of [W]-class then a family of functions {f α } in L 1 (G) can generate a dense two-sided ideal in L 1 (G) if and only if for any π ∈ G, there exists f α in that collection such that f α (π) = G f α (x)π(x)dx = 0. We recall that the closure in L 1 (G) of the two-sided ideal generated by {f α } is same as the closure of the span of left and right translates of {f α }.
Theorem 2.2.1. Let G be a group of class [W] . Let f ∈ C c (G) be a real valued function which has a unique maximum or a unique minimum at a point x 0 ∈ G. Then the both-sided ideal generated by
Proof. We first observe that if G is discrete then Lemma 2.1.1 is not applicable. However it does not take much effort to prove an analogue independently for discrete groups.
Since G is of class [W] , it suffices to show that for any π ∈ G, there exists n ∈ N and u, v ∈ H π such that
Since by the theorem above
, we have h * φ m = 0 for all m and hence h = 0.
2.3.
A group of exponential growth. For this subsection G = SL(2, R). Our aim here is the following.
Theorem 2.3.1. Let f ∈ C c (G) be a real valued function which has a unique maximum or a unique minimum at a point
We recall that G is a prototype of the noncompact semisimple Lie group. Since the seminal work of Ehrenpreis and Mautner [3] , it is known that this group is not in the [W]-class. However a modified version of the Wiener's Tauberian theorem for L p (G), 1 ≤ p < 2 is available in the literature (see [3, 2, 9 ] and the references therein). The main difference is that for SL(2, R) (or generally for noncompact semisimple Lie groups) one cannot rely only on the unitary dual of the group. We state here a version of the theorem suitable for our present need. This is indeed a corollary of [9, Theorem 1.2] which can be verified easily. 
We recall that for 0 < p ≤ 2, a representation is L p -tempered when the Fourier transform of a function in the L p -Schwartz space on G exists with respect to this representation. 0 < p < 2, depending on p, the set of L p -tempered representations are subsets of the union of the following two sets of representations: (1) unitary principal series, discrete and mock discrete series representations and the trivial representation, (2) certain nonunitary principal series representations. For a detailed account we refer to [1, 9] . Presently we only need the fact that all these representations (except the trivial one) are infinite dimensional and realized on separable Hilbert spaces. In view of proposition above it suffices to show that the operator valued Fourier transforms of the functions f n , n ∈ N with respect to these representations do not have a common zero. For any such representation (π, H π ), we look for a matrix coefficient ψ(x) = π(x)v, w such that ψ(x 0 ) = 0. An applciation of Lemma 2.1.1 with this ψ proves Theorem 2.3.1.
Riemannian Symmetric spaces.
In this subsection we shall deal with the Riemannian Symmetric spaces of compact and noncompact type in that order.
Let X = G/K be a Riemannian symmetric space of compact type where G is a compact connected semisimple Lie group and K be the fixed point group of an involutive automorphism on G. Then functions on X can be realized as right K-invariant functions on G and vice-versa. For (δ,
It is easy to verify that if f is a continuous complex valued function on X (equivalently if f is a right K-invariant function on G), then f (δ) = 0 if δ ∈ G K . Given a δ ∈ G K , let e 0 ∈ V K δ and {e 0 , e 1 , . . . , e d(δ) } be an orthonormal basis of V δ , where d(δ) = dim V δ . Using Weyl's orthoganility relation it can be shown that f (δ)e i , e j = G f (x) δ(x)e i , e j dx = 0 unless i = 0. Similarly, if f is a left K-invariant function on G then f (δ)e i , e j = 0 unless j = 0. It is easy to see that the above conclusions also apply to complex measures on G.
Theorem 2.4.1. Let X = G/K be a Riemannian symmetric space of compact type and f be a a real valued continuous function which has a unique maximum or a unique minimum at x 0 ∈ X. Then span{ℓ x f n | n ∈ N, x ∈ G} is dense in C(X).
Proof. Let µ be a nonzero complex right K-invariant measure on G, such that µ(ℓ x f n ) = 0 for all x ∈ G and for all n ∈ N. Then f n * µ ≡ 0 where
It is clear that µ is left K-invariant. Consequently, from the discussion above it follows that for all n ∈ N, e i , e j ∈ V δ and δ ∈ G K , (f n * µ) (δ)e i , e j = µ(δ)e i , e 0 (f n ) * (δ)e j , e 0 = 0.
Since there exists δ ∈ G K and e i ∈ V δ such that µ(δ)e i , e 0 = 0, (f n )(δ)e 0 , e j = 0 for all e j ∈ V δ and n ∈ N.
Thus it is enough to show that for some n ∈ N and e j ∈ V δ , (f n )(δ)e 0 , e j = 0. We note that for some e j ∈ V δ , δ(x)e 0 , e j = 0. We fix that e j and define ψ(x) = δ(x)e 0 , e j on G and apply Lemma 2.1.1 with this ψ to complete the proof.
Next we shall take up the case of Riemannian symmetric spaces of noncompact type. The notation we shall use here is standard and can be found in [4] . We shall mention here only those which are required to describe the result. Let G be connected noncompact semisimple Lie group with finite centre and K be a maximal compact subgroup of G. Then the homogenous space X = G/K is a Riemannian symmetric space of noncompact type. Three other important subgroups of G are A which is isomorphic with R n , N which is a nilpotent group and M which is the centralizer of A in K. Every element g ∈ G can be uniquely written as g = k(g)H(g)n(g) where k(g) ∈ K, H(g) ∈ a, the Lie algebra of A and n(g) ∈ N . In this note we shall deal only with rank one symmetric spaces of noncompact type, i.e. dim a = 1. Indeed we shall identify a with R. The group G acts on X naturally by left translation. The functions on X are identified with right K-invariant functions on G and vice-versa. There exists a G-invariant measure on X with respect to which we consider the L p -spaces on X. Let ρ be the half-sum of the positive roots which will be considered as a scaler as dim a = 1. For a function f ∈ C c (X) we define its Helgason Fourier transform f (λ, k) for k ∈ K and λ ∈ C by (see [4] ),
Theorem 2.4.2. Let X = G/K be a rank one Riemannian symmetric space of noncompact type and f ∈ C c (X) be a real valued function which has a unique maximum or a unique minimum at x 0 ∈ X.
Proof. Since f ∈ C c (X) it is clear that f (λ, k) is a continuous function in (λ, k) ∈ C × K/M and for any fixed k ∈ K/M , λ → f (λ, k) extends holomorphically to C and in particular to S ε 1 = {z ∈ C | |ℑz| < ρ + ε} for any ε > 0. We fix a ε > 0. In view of [8, Theorem 5.5] we need to verify that (i) for any λ ∈ S ε 1 , there exists k ∈ K such that f n (λ, k) = 0 for some n ∈ N and (ii) f is not real analytic. Condition (ii) is obvious as f is compactly supported. Since e An analogous result can be proved for L p (X), 1 < p < 2 using [8, Theorem 5.7], which we omit for brevity.
Examples and Comments
We shall consider three examples in three different set up where the functions attain their maximum at more than one points.
(1) We take a function f 1 ∈ C c (R n ). Let f 2 be a translation of f 1 by a ∈ R n so that support of f 1 and f 2 are disjoint. Let f = f 1 + f 2 . Then f ∈ C c (R n ) has non-unique maximum and minimum. Note that for all n ∈ N, f n = f
is the translation of f n 1 by a and f n (ξ) = f n 1 (ξ) + e iξ·a f n 1 (ξ). We take a ξ so that e iξ·a = −1. Then f n (ξ) = 0 for all n ∈ N. Hence span{ℓ x f n | n ∈ N, x ∈ R n } is not dense in L 1 (R n ). (2) Let X = G/K be a Riemannian symmetric space of noncompact type. We take a function f ∈ C c (G/K) which has unique maximum at the point x 0 . By Theorem 2.4.2, {f n | n ∈ N} generates L 1 (G/K). But x 0 considered as a point on G/K is actually a coset x 0 = gK for some g ∈ G. Thus considered as a function of G, f has maximum at all points of the orbit {gk | k ∈ K}. If for a π ∈ G, π| K does not contain the trivial representation of K, then f n (π) = 0 for all n ∈ N. Therefore the closure of span{ℓ x R y f n | n ∈ N, x, y ∈ G} contains only the functions whose Fourier transforms vanish at π.
(3) We take G = SL(2, R). Let I be the 2 × 2 identity matrix. Suppose that f ∈ C c (G) satisfies f (x) = f (−x) for all x ∈ G where −x = −Ix and attains its maximum at ±x 0 . Then for any n ∈ N, f n can be considered as a function of SL(2, R)/{±I} and the closure in L 1 (G) of the span of translates of f n contains only those functions which take same value at ±x. Thus span{ℓ x R y f n | n ∈ N, x, y ∈ G} cannot be dense in L 1 (G). On the other hand if f is considered as a function of SL(2, R)/{±I}, then it has a unique maximum and argument similar to that of subsection 2.3 shows that {f n | n ∈ N} generates L 1 (SL(2, R)/{±I}).
